We prove a result on compactness properties of Frechet-derivatives which implies that the Frechetderivative of a weakly compact map between Banach spaces is weakly compact. This result is applied to characterize certain weakly compact composition operators on Sobolev spaces which have application in the theory of nonlinear integral equations and in the calculus of variations.
Introduction and notation
Let (E, 9?) and (F, S) be topological linear Hausdorff spaces over the field R, and let fi be an open subset of (£, 91). The 0-neighbourhood filter of (£, 9?) will be denoted by U o (£,9?) .
Let <J> : (Q, 91 n Q) -»• (F, S) be a continuous map. For x e Q, y e £, t e R \ {0} such that x + t y e Q w e define in (F, (3) uniformly with respect to y on each bounded subset B of (£, 9?) . In this case the (uniquely determined) linear map A is called the Frechet-derivative o/O at x, and it will be denoted by DG>(x) (compare Yamamuro (1974) , p. 7, § 1.2). DEFINITION (1.1). A continuous map O : (Q, 9? n £2) -> (F, S) is called compact (precompact, sequentially compact, et cetera) af x e£2 if for each bounded subset B of (£, 9?) there exists <5 > 0 such that O(x + SB) is relatively compact (precompact, relatively sequentially compact et cetera) in (F, ©) . <t > is called compact (precompact et cetera) if O is compact (precompact et cetera) at every point of Q.
This definition differs from the notions of compactness of nonlinear maps one finds elsewhere (compare Batt (1970), p. 5; Schwartz (1965) , p. 34, Definition 1.39; Yamamuro (1974) , p. 43, (2.1.1); KrasnoseFskiI(1964), p. 15, 3) . Compactness in the sense of Definition (1.1) is implied by the notions of compactness of the abovementioned authors. Moreover, if (£, 9?) is a normed space, Definition (1.1) coincides with the definitions ofSchwartz (1965), p. 34, Definition 1.39, and Yamamuro (1974) , p. 43, (2.1.1), and for linear maps (1.1) coincides with the usual definition of compactness :
A continuous linear map T: (£, 9?) -* (F, S) is called compact (precompact, sequentially compact et cetera) if for every bounded subset B of (£, 9?) the image T(B) is relatively compact (precompact, relatively sequentially compact et cetera).
For several special cases the following proposition is well known (compare Vainberg (1964), p. 51, Theorem 4.7; Schwartz (1965), p. 34, Theorem 1.40; Yamamuro (1974) , p. 45, line 8 from below). PROPOSITION (1.2). Let $ : ( Q , 9 l n f l ) -» ( F , S ) be precompact and Frechetdifferentiable at xeQ. Then DO(x): (£, 9J) -> (F, S) is precompact.
PROOF. Let B be a bounded subset of (£, 9?). We may assume that B is balanced. By hypothesis there is <5e(0,1) such that x + 5B c O and <fr(x + SB) is precompact in (F, S). Let Keir o (F,S) be given. Then there exists ne (0, 8] such that AO(x, y, t) -DO(x) (y) e Fholds for all y e B and all 0 < 11 \ < n. We therefore obtain c ( t for all 0 < 111 < n. Thus D<t>(x)(B) is precompact in (F, S). q.e.d. 
Weak compactness of Frechet-derivatives
We now consider Frechet-differentiable maps $ : (fi, 9? n Q) -> (F, X) such that $ is sequentially compact for a linear Hausdorff topology ® <= 3; on F. We shall prove that under some mild restrictions the Frechet-derivative considered as a map from (£, 9?) into (F, ®) is also sequentially compact.
The proof of our result is based on the following lemma.
LEMMA ( 
Then f o (X) is relatively S-sequentially compact.
PROOF. Let (y k ; k e N) be a sequence inf o (X) and let (x^; k e N) be a sequence in X such that /ota) = y k (keN) .
Since for all n e N the set f n (X) is relatively ®-sequentially compact, we find a subsequence (x k(J) ; j e N) such that for all n e N the sequence (f n (x kU) ); jeN) S-converges to some point z n eF. We claim that (z n ; neN) is a I-Cauchy-sequence. Let VeH 0 (F,Z) be given. Since 2 is S-polar we may suppose that Kis S-closed. (/"; neN) converges uniformly on X with respect to X Thus there is n 0 e N such thatf n (x k(J) ) -f m (x k(J) ) e Fholds for all j e N and all m, n ^ n 0 . This implies z n -z m eVfor all m,n ^ n 0 since Vis S-closed.
By hypothesis (F,I) is sequentially complete. Thus (z n ; neN) 2-converges to some zeF. We show that if o (x k(J) ); je'N) S-converges to z.
Let VeU 0 (F, <S) be given and choose WeU 0 (F, ®) such that W+ W+ i f c F holds. Since (/"; neN)converges to/ 0 uniformly on X with respect to I we find n 0 e N such that/ 0 (x) -f n (x) e W holds for all x e X, n ^ n 0 . By the 2-convergence of (z B ; n e N) to z we find m > n 0 such that z n -z e W holds for all n^m. Finally (/ m (x fc(J) ); j e N) ®-converges to z m . Thus there is_/ o eN such that/ m (x k0) ) -z m e W holds for all j Taking these three estimates together we obtain e W+ W+ for all j ^ 7 0 . Thus f o (X) is relatively ®-sequentially compact, q.e.d. PROOF. Let B be a bounded subset of (E, 9?). We may assume that B is balanced. By hypothesis there exists <5e(0,1) such that x + t B c f i and <b{x + tB) is relatively Ssequentially compact for all 111 ^ S. Now we choose a sequence (t n ; « e N) in R \ {0}, |t B | <<5(«eN), t n -• G(«-• oo) and apply Lemma (2.1) with X: = B, f n (y): = AO(x, y, t n ) (neN, yeB) to obtain that DO(x)(B) is relatively S-sequentially compact, q.e.d.
PROPOSITION (2.2). Let S c % be two linear Hausdorff topologies on F such that % is
In particular Proposition (2.2) applies to every sequentially complete locally convex Hausdorff space (F, 2) if we take for £ the weak topology o(F, F').
For a large class of locally convex Hausdorff spaces (F, %) the relatively a{F, F')-sequentially compact sets and the relatively a(F, F')-compact sets coincide. For instance, all locally convex Hausdorff spaces (F,£) which admit a metrizable topology coarser than 1 share this property (Floret (1978) , p. 30 and p. 39 (2)). We only note one special case. Frechet-derivatives 403
These composition operators play an important role in the theory of nonlinear integral equations (KrasnoseFskil (1964), p. 46; Vainberg (1964) , p. 147) and in the calculus of variations (Michlin (1972) , p. 33ff.). If 4* is sufficiently smooth, we write ¥,., 4V* instead of d/¥, d^j, & = 1,2,3). By 4^,. and ^Fjn, we denote the composition operators generated by 4*, and 4*â ccording to (3.2). The corresponding notation is used for @ instead of x ¥. For convenience of the reader we collect first some elementary statements concerning Sobolev spaces which we use later. are compact (Adams (1975) , p. 144, Theorem 6.2, (4) and (6)). Now we return to the study of the composition operators. Let H be a ||-||I J 0 0 -bounded subset of C l (7); then there are compact intervals K , K ' c R such that (u(x), u'(x)) eKx K ' (xeT,ueH) holds. Moreover, the restriction of 4* to 7 x K x K' is uniformly continuous. Using these facts we obtain (3.9) Let H be a bounded subset of (C l 
(I),\\-\\ lt J. Then T^H ) is bounded in (C(T), || • | | J , and the restriction 4% | H ofV^ : (C\T), \\ • ||,. J -> (C(I), \\ • \\J to H is uniformly continuous.
A similar statement holds for © instead of 4 / . There is one more proposition which we do not prove in detail, namely PROPOSITION (3.13 (u,ve\V 2 -"(/) ).
The proof of (3.13) consists of a straightforward (but tiresome) estimate using (3.4), (3.9), (3.12), and the mean value theorem for «P and %• (j = 1,2,3).
It is known that a compact composition operator 0^ : &(x,u(x) ) is necessarily constant, that is, this operator is generated by a function 0 : 7 x R -» R which does not depend on the second argument (compare for instance Krasnosel'skii (1964), pp. 30-31) . We now show that the composition operators of the form ¥", behave similarly. 
